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Abstract

We extend the Topological Emergence Principle from U(1) electromagnetism to non-Abelian
SU(N) Yang-Mills theories, investigating the geometric origins of the QCD mass gap and
topological susceptibility. While standard quantum chromodynamics relies on non-perturbative
instanton liquid models to explain the 1’ mass via the Witten-Veneziano formula, a rigor-
ous geometric derivation remains an open problem. We hypothesize that the non-Abelian
vacuum is a topologically protected boundary state of a higher-dimensional bulk. By map-
ping the Yang-Mills topological charge density to the bulk spectral asymmetry, we treat the
instanton ensemble as a ”Villani gas” evolving under an effective kinetic equation.
Crucially, we argue that the instanton gas undergoes an entropy-driven relaxation gov-
erned by quantum hypocoercivity. Within the proposed effective framework, we argue that
a spectral gap in the instanton collision operator provides a candidate geometric mechanism
for the emergence of the macroscopic Yang-Mills mass gap (Aqcp), protected by the zero-
index condition of the Atiyah-Patodi-Singer theorem. Finally, we propose a holographic
interpretation of the Witten-Veneziano relation, in which the topological susceptibility x; of
four-dimensional spacetime is constrained by the spectral geometry of the extra dimensions.

Scope of this Paper

This manuscript constitutes the sixth stage of our broader research program investigating
the Topological Emergence Principle. While the preceding papers established the holographic
boundary construction, the torsional anomaly inflow, and the macroscopic phenomenological
bounds for Abelian U(1) gauge fields, the present work tackles the mathematically formidable
non-Abelian SU(N) sector. Assuming the holographic boundary framework developed in Pa-
pers I-V, we investigate whether extending this framework to SU(N) theories yields a consistent
geometric mechanism for dynamic mass generation and topological susceptibility. Unless ex-
plicitly stated otherwise, the foundational hypotheses regarding bulk anomaly cancellation and
boundary equilibria are carried over from the earlier papers in this series.



1 Introduction: The Non-Abelian Vacuum

In 4D Euclidean space, the SU(N) Yang-Mills vacuum is characterized by a nontrivial topo-
logical structure classified by the Pontryagin index. The topological charge density is defined
as:

o(z) = #Tr(p AF). (1)

In standard formulations, instantons—Ilocalized classical solutions to the Euclidean equations
of motion—saturate this bound. The variance of the topological charge distribution defines the
topological susceptibility:
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The Witten-Veneziano mass formula famously relates this susceptibility to the anomalous mass
of the ' meson: y; = fﬁmg, /2Ny. However, traditional dilute instanton gas models fail to
rigorously capture the infrared dynamics required to universally protect the mass gap Aqcp.
We propose that this protection mechanism is inherently holographic.

2 Geometric Setting for SU(N) Holography

Let X be our 4D spacetime boundary and ¥ = X x K* the higher-dimensional bulk. For an
SU(N) gauge bundle E over Y, we elevate the holographic boundary condition derived in Paper
II. The effective topological charge density on the boundary must perfectly absorb the anomaly
inflow from the bulk characteristic classes to preserve vacuum stability.

Applying the Atiyah-Patodi-Singer (APS) index theorem, the zero-index balancing condition
(ind(Dy) = 0) within the effective framework constrains the integrated 4D topological charge
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Within the proposed framework, this associates the topological fluctuations of the QCD vacuum
on the boundary with the continuous spectral asymmetry n(Dx) of the bulk geometry.

3 Instanton Ensembles as a ”Villani Gas”

To model the dynamics of this boundary sector, we replace the static dilute instanton approxi-
mation with an effective kinetic description. Instead, we treat the macroscopic instanton/anti-
instanton ensemble as an effective kinetic ensemble.

Drawing upon the unification of classical gas kinetics and quantum transport properties, we
postulate that the instanton gas evolution is governed by an effective Boltzmann-type equation.
Let f(t,z,v) represent the distribution of instanton topological modes. The evolution of the
vacuum state is given by:

8tf+v'fo+a'vvf:Qeff(f7f)7 (4)

where Qeg(f, f) is the effective collision operator capturing quantum statistical effects and
phase-space correlations through an effective kinetic description.

4 Hypocoercivity and Topological Relaxation

The fundamental challenge in Yang-Mills theory is proving that the vacuum rigorously relaxes
to a stable state with a strictly positive mass gap. We approach this through the lens of Villani’s
entropy methods, extended to the quantum topological regime.



We formulate an effective hypocoercive description of the instanton gas. We assume that
the linearized effective collision operator Qg around the equilibrium state f., admits a spectral
gap A > 0. Under this condition, the system exhibits exponential entropy-driven relaxation
toward equilibrium, mathematically bounded by:

1/ (t) = feallzz,, < Ce™M|If(0) = feallL2
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(5)

Interpretational Remark

Within our holographic framework, this hypocoercive relaxation implies that the dynamic sta-
bilization of the Yang-Mills topological charge density is expected to relax toward a stable
equilibrium within the effective model. Within the proposed framework, the bulk-boundary
interaction is hypothesized to suppress infrared instabilities by driving the instanton ensemble
toward a stable, gapped equilibrium at an exponential rate.

5 The Holographic Mass Gap (Aqcp)

The existence of a mass gap in SU (V) theories requires that the lowest-energy excitations above
the vacuum have strictly positive mass. In our framework, the mass gap is interpreted not as
an ad hoc parameter; it is the macroscopic manifestation of the microscopic spectral gap A in
the instanton collision operator.

Because the instanton distribution f(¢,z,v) is constrained by the bulk spectral asymmetry
n(Dx), the relaxation rate A is hypothesized to be constrained from below by the geometry of
the extra dimensions. Motivated by this interpretation, we propose the scaling relation:

Aqcp ~ hA, (6)

which identifies the effective Yang-Mills mass scale with the spectral relaxation rate of the
instanton ensemble.

The proportionality in Equation (6) should be regarded as an effective scaling ansatz rather
than a derived identity. It reflects the interpretation that the inverse hypocoercive relaxation
time sets the characteristic infrared energy scale governing the long-distance dynamics of the
Yang-Mills vacuum. A rigorous derivation of the proportionality constant lies beyond the scope
of the present work.

Within the proposed framework, the mass gap is interpreted as being topologically protected
by the Holographic Law (Lpe),). A massless excitation would require A\ — 0, which would be
incompatible with the assumptions of the effective holographic model.

6 A Holographic Derivation of Witten-Veneziano

If this framework holds, the topological susceptibility y: is no longer an isolated 4D parameter
but a geometric consequence of the bulk. Motivated by the boundary condition from Equation
(3), we conjecture the modified holographic relation for the susceptibility:

Xt—]lj<</ychg(E)/\A(Y)—n(DX2)+h>2>. (7)

In the large-N, limit, the bulk geometric fluctuations dominate, stabilizing the 1’ mass and
explicitly linking the U(1)4 anomaly resolution to the topological twisting of the compactified
dimensions.



Epistemological Status

APS Index Theorem for SU(N) Established Mathematics
Witten-Veneziano Formula Established Physics
Villani Hypocoercivity Established Mathematics
Instanton gas as a quantum kinetic fluid Proposed herein
Hypocoercive mechanism for mass-gap generation | Proposed herein
Holographic geometric derivation of y; Conjectured herein

7 Conclusion

By extending the Topological Emergence Principle to non-Abelian gauge fields, this manuscript
proposes a geometric mechanism for protecting the Yang-Mills vacuum. Treating the instanton
ensemble as an effective kinetic ensemble subject to Villani’s hypocoercivity provides an effec-
tive framework for understanding entropy-driven topological relaxation. Within the proposed
framework, we argue that the QCD mass gap (Aqcp) may be interpreted as emerging from
the spectral gap of the instanton collision operator, which is, within the model, dynamically
protected from collapsing to zero by the bulk anomaly inflow. Consequently, this framework
suggests a possible unification between kinetic gas theory and non-perturbative quantum field
theory, while indicating that some non-perturbative features of the strong interaction may admit
a higher-dimensional spectral interpretation.
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