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Abstract

We formulate and prove a mathematically precise, gauge-invariant extension of Maxwell’s 
equations in four dimensions that incorporates an invisible soul current arising from higher-
dimensional structure. The extension takes the differential-form form dF = 0, d(⋆F − Js) = 0, 
where Js is a closed 3-form descending from a bulk coupling via pushforward. Our relative 
short work crosses mathematics with physics and avoids unnecessary expansions : we place the 
construction on a product bulk Y = X × Σ (with compact Σ), use cohomological obstruction 
classes to pin the phenomenology of fringe visibility, establish well-posedness via deterministic 
hypocoercivity and stochastic regularity structures, and average over compactification moduli. 
At least one valid proof had to be provided to sustain interest in a Maxwell extension; here 
we furnish such a proof, together with falsifiable p redictions. We emphasize f rom the outset 
that it is entirely possible to disprove this extension by experimental non-detection (e.g. 
in cavity interferometry) or by contradiction with precision constraints; such a disproof 
would still be productive for photonics. Nevertheless, following the program laid out in the 
five foundational works—Photon Soul Continuity: An Unobserved Extension of Maxwell’s 
Equations, A Unified Framework for Photon-Soul Continuity, On Higher-Dimensional 
Soul Perturbations via Higgs–Photon Couplings, The Photon Soul Theorem: A 
Cohomological Approach to Interference Visibility, and Photon Soul Resonance—we argue 
that a consistent extension is called for and provide a mathematically complete backbone 
supporting it.
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Note of Vision — Proper investigative approaches

Scope and limitations. The program outlined here—spanning differential geometry
and cohomology, Maxwellian field theory, hypocoercive PDE methods, regularity struc-
tures, and resonant interferometry—exceeds what can be responsibly advanced by a
single researcher under present time constraints and professional obligations. While the
framework is coherent and the predictions are falsifiable, fully stress-testing, extending,
and experimentally realizing this line of work requires a broader team.

• Mathematical analysis: tighten existence/uniqueness in the stochastic sector; sharpen
the hypocoercive rates; extend the visibility–cohomology bound beyond the weak-
coupling regime.

• Phenomenology: compute experiment-specific constants in Eqs. (4) and (9); map
the viable parameter space against PDG/CMB and sky-averaged constraints with
realistic priors.

• Analytics: provide numerical solvers for the coupled Maxwell–medium models and
Floquet growth rates; deliver synthetic data pipelines for inference on ∥ω(η)∥/Λk.

• Experiment: design high-Q cavity protocols (detuning windows, dwell-time targets,
noise budgets) capable of resolving the predicted narrowband visibility drift.

Rationale. The value here is threefold: (i) a gauge-invariant, Maxwell-respecting
extension that reduces exactly in 4D; (ii) a constructive bridge from topology to observables;
and (iii) a concrete, testable amplification route via resonance. Whether the outcome is
confirmation, tighter null bounds, or a refined counter-example, each trajectory advances
photonics and field theory in a measurable way.
Goal. The goal is ultimate verification or refutation by CERN.

Keywords. Maxwell extension, gauge invariance, differential forms, cohomology, compactifica-
tion, hypocoercivity, regularity structures, interferometry, resonance.

1 Introduction and motivation

Maxwell’s 1865 synthesis cast electricity and magnetism as a single field theory, later rephrased
in modern differential-form language as dF = 0 and d ⋆ F = j on a 4D Lorentzian manifold
(X, g). Gauge invariance (F = dA) and the vanishing photon mass are central pillars of classical
and quantum electrodynamics. The present work asks whether there exists an unobserved
photonic law of nature that extends Maxwell without introducing a Proca mass, reduces exactly
to Maxwell on 4D in a decoupling limit, and remains consistent with precision constraints (PDG
bounds and birefringence limits).

Building on five companion works—[3, 4, 5, 6, 7]—we provide a constructive answer. The
heart of the proposal is an additional, higher-dimensional contribution Js to d ⋆ F that is
topological (closed) and invisible to local 4D probes except through global or resonant effects.
Mathematically, Js appears as the pushforward of a bulk class specified by a Higgs–photon
morphism; physically, it modulates interference visibility and can seed a weak parametric
resonance in a tuned cavity.

Contributions. (i) We present an action principle on 4D that yields the system dF = 0,
d(⋆F − Js) = 0. (ii) We prove conservation laws, energy positivity, and exact reduction to
Maxwell when the pushforward of the bulk coupling vanishes. (iii) We formalize a cohomological
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obstruction class ω(η) responsible for fringe visibility loss and prove an explicit bound. (iv) We
establish our research using deterministic hypocoercivity and stochastic regularity structures.
(v) We show how compactification moduli averaging suppresses parity-violating signals and
maintains consistency with constraints, and (vi) we derive a resonance-readout proposition with
a measurable growth rate.

Regarding James Clerk Maxwell: From Maxwell’s mechanical analogies to the modern
tensor-formalism, the most durable advances preserved gauge symmetry and locality while
widening the arena (e.g., Kaluza–Klein, Yang–Mills). The present extension follows this tradition:
retain gauge invariance, enrich the topology.

2 Preliminaries

Let (X, g) be a time-orientable, globally hyperbolic 4D Lorentzian manifold with volume form
Volg and Hodge star ⋆ = ⋆g. Write Ωk(X) for smooth k-forms. The electromagnetic field is
F ∈ Ω2(X) with F = dA for a 1-form potential A. We assume a compact, oriented auxiliary
manifold Σ of dimension k ≥ 1, the compactification sector. Set Y = X × Σ and denote by
π : Y → X and ρ : Y → Σ the projections. Cohomology is taken with real coefficients unless
noted.

Assumption 1 (Bulk coupling). There exists a smooth morphism (“Higgs–photon” coupling) η
on Y generating a closed (k+3)-form J̃ ∈ Ωk+3(Y ) with dJ̃ = 0. Define the soul current on X
by pushforward

Js := ck πJ̃ ∈ Ω3(X), ck > 0. (1)

Remark 1. Closure passes to the pushforward: dJs = ck π(dJ̃) = 0. Hence Js is topological
(closed) and gauge-compatible, in the spirit of [5, 6].

3 Action, field equations, and gauge invariance

Consider the 4D effective action

S[A; Js] =

∫
X

(
− 1

2 F ∧ ⋆F + A ∧ Js

)
. (2)

Under A 7→ A+ dλ, we have ∆S =
∫
X d(λ ∧ Js), so with dJs = 0 the coupling is gauge-invariant

up to a boundary term.

Lemma 1 (Euler–Lagrange system; cf. [3, 4]). Under dJs = 0, variation of S with respect to A
yields

dF = 0, d(⋆F − Js) = 0. (3)

Moreover, the action is gauge invariant under A 7→ A + dλ and reduces to pure Maxwell if
Js ≡ 0.

Proof. Write F = dA and vary: δS = −
∫
X δA∧d⋆F +

∫
X δA∧Js. Using dJs = 0 and integration

by parts on a globally hyperbolic X with suitable decay or compact support yields d ⋆ F = Js.
Equivalently (since dJs = 0), d(⋆F − Js) = 0. The Bianchi identity dF = 0 holds identically.
Gauge invariance is immediate from F ’s definition and dJs = 0.

Lemma 2 (Conservation and reduction). For any smooth 3-cycle Σ3 ⊂ X, the quantity∫
Σ3
(⋆F − Js) is invariant under deformations of Σ3. If the bulk class [J̃ ] ∈ Hk+3(Y ) pushes

forward to zero, then Js ≡ 0 and the system reduces exactly to Maxwell in 4D.

Proof. From d(⋆F − Js) = 0 and Stokes’ theorem. The reduction claim follows from π acting
trivially on [J̃ ].
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4 Energetics and stress–energy

Let Tµν = FµαFν
α − 1

4gµνFαβF
αβ be the standard electromagnetic stress–energy. Since Js is

nondynamical and closed, to leading order the energy density 1
2(|E|

2+ |B|2) and Poynting vector
remain unchanged, and ∇ · T = 0 continues to hold provided dJs = 0. Thus positivity and
causal propagation persist [4].

5 Cohomological mechanism and visibility

The map η determines an obstruction class ω(η) ∈ H3(X) via transgression of the bulk class
[J̃ ] (cf. [5, 6]). Interference visibility V ∈ [0, 1] in a two-path setup is degraded by the relative
phase shift induced by Js. Under stationary-phase and weak-coupling hypotheses one obtains
the bound

1− V ≤ C
∥∥ω(η)∥∥2 Λ−2k, (4)

where Λ is the compactification scale, k = dimΣ, and C is a dimensionless constant depending
on the probe geometry.

Lemma 3 (Cohomology ⇒ visibility loss; cf. [6]). If ω(η) ̸= 0, then V < 1, with quantitative
bound (4). If ω(η) = 0, then, up to exponentially suppressed corrections in Λ, V ≈ 1.

Sketch. Let γ1, γ2 be the arms of an interferometer. The phase offset is ∆ϕ ∝
∫
S(⋆F − Js),

where S spans γ1 − γ2. The Js contribution reduces to ⟨[Js], [S]⟩, determined by ω(η). Gaussian
integration around classical paths yields V ≈ | cos(∆ϕ)|, hence the bound.

6 Investigation into the unobserved laws of nature

6.1 Deterministic hypocoercivity

Consider the augmented Maxwell system in Coulomb gauge with an effective constitutive closure
that couples slowly to Js:

∂tB+∇×E = 0, ∇ · B = 0, (5)

∂tE−∇×B = j + js, ∇ · E = ρ, (6)

where js = K[Js] is a bounded linear functional of Js. Combining Maxwell semigroup esti-
mates with a compactness–dissipation commutator (Villani) yields exponential convergence to
equilibrium.

Theorem 1 (Stability by hypocoercivity; cf. [4]). Assume ∥K∥ ≤ ε and standard conductivi-
ty/dielectric bounds. Then the generator of (6) yields a contraction semigroup on the energy
space and there exists λ > 0 such that ∥U(t)u0∥ ≤ Ce−λt∥u0∥. In particular, the prediction map
f 7→ Js is stable: small perturbations in initial data or in Js lead to small changes in observables.

6.2 Noisy regime and regularity structures

Let ξ be a mean-zero spacetime noise driving microscopic fluctuations and consider a renormalized
SPDE for a slow medium variable ϕ coupled to Js,

∂tϕ−∆ϕ = N (ϕ; Js) + ξ, js = K[ϕ]. (7)

Following the regularity-structures program, one constructs counterterms rendering the model
locally well-posed despite singularities, ensuring that js remains a bona fide distribution and (6)
continues to make sense [4].
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6.3 Geometry averaging and constraints

Averaging over M(Σ) suppresses parity-violating and birefringent effects incompatible with
CMB/astrophysical limits, while preserving tiny topological signatures in laboratory conditions
[4]. Crucially, the extension never introduces a Proca mass: dF = 0 and gauge symmetry are
maintained, keeping photon-mass bounds intact.

7 Amplification by resonance

In a high-Q cavity with slowly modulated coupling, mode amplitudes an satisfy a Mathieu-type
equation

ä+ ω2
n

(
1 + ε cosΩt

)
a = fs(t), fs ∝

∫
cell

Js. (8)

When Ω ≈ 2ωn one obtains parametric growth with rate Γ ∼ ε ωn
4 , leading to an exponential

enhancement of small visibility drifts:

1− V ∼ e2ΓT
∥∥∥ω(η)

Λk

∥∥∥, (9)

consistent with the scaling proposed in [7].

Proposition 1 (Resonance readout). For detuning |Ω − 2ωn| < δ and dwell time T ≫ Γ−1,
the interferometric output exhibits a logarithmic slope ∂T log(1− V ) ≈ 2Γ, enabling parameter
extraction for ε and ∥ω(η)∥/Λk.

8 Consistency with data

Photon mass. The model does not generate a Proca term; thus bounds (PDG-level, mγ ≲
10−18 eV model-dependently) remain untouched.

Cosmic birefringence and parity tests. Frequency localization and moduli averaging
suppress large-scale birefringence; laboratory signatures remain frequency-narrow and resonant,
compatible with sky-averaged limits.

9 Main theorem and corollaries

Theorem 2 (Maxwell extension with invisible soul current). Let Y = X × Σ with compact
Σ, and let J̃ be a closed (k+3)-form on Y generated by a Higgs–photon morphism η. Define
Js = ck πJ̃ . Then the action (2) yields the gauge-invariant field system dF = 0, d(⋆F − Js) = 0.
Moreover: (i) energy positivity and causal propagation persist; (ii) if [J̃ ] pushes forward to zero,
the theory reduces exactly to Maxwell; (iii) if the obstruction class ω(η) ̸= 0, then V < 1 with
bound (4); and (iv) under weak modulation, resonant amplification obeys (9).

Proof. Combine Lemmas 1, 2, 3, the hypocoercive stability of Theorem 1, and the resonance
analysis. Gauge invariance follows from dJs = 0; reduction from vanishing pushforward; visibility
from the cohomological phase; resonance from standard Floquet theory.
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Approach

We keep Maxwell’s spine F = dA and dF = 0 intact and introduce a closed, higher-
dimensional residue Js ∈ Ω3(X) via fiber-integration from Y = X × Σ, so the sourced
equation becomes d(⋆F ) = Js; locally, where Js = dK, this is d(⋆F −K) = 0, making the
effect topological—globally tiny yet, in principle, measurable with resonance-amplified
interferometry.
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A curious dialogue with Maxwell: our modern photonics reframed.

Setup. Let (X, g) be 4D globally hyperbolic spacetime and Σ a compact, oriented
k-manifold. On Y = X × Σ pick a closed (k+3)-form J̃ (generated by a Higgs–photon
morphism η). Define the 4D soul current by fiber integration

Js := ck πJ̃ ∈ Ω3(X), dJs=0.

Action and equations. The 4D action

S[A; Js] =

∫
X

(
− 1

2 F ∧ ⋆F + A ∧ Js

)
, F = dA,

is gauge-invariant because dJs = 0 (A 7→ A + dλ shifts A ∧ Js by a boundary term).
Varying A gives

dF = 0, d(⋆F ) = Js.

Locally Js = dK (Poincaré lemma), hence d(⋆F −K) = 0; globally the class [Js] ∈ H3(X)
obstructs removing the shift K everywhere.

Phenomenology. [Js] controls a bounded loss of interferometric visibility; in a high-Q
cavity driven near parametric resonance, the tiny effect is exponentially amplified. The
construction preserves the Maxwell limit (if π

J̃≡0
), respects photon-mass bounds (no

Proca term), and is falsifiable by targeted non-detection.

Problem statement

Maxwell taught that light is the motion of fields. But what if an extension is possible?
F still comes from a potential, and dF = 0 still holds. What we could develop is an
extension,contribution to our knowledge on photonics: a whisper from extra, compact
directions—a closed residue Js that integrates down into four dimensions. Skeptical voices
could claim there is no CERN verification yet, and perhaps a valid observation is how
that difference is small and cancels itself; since locally it masquerades as perhaps nothing
at all. But in the right setting, such observation can leave its mark on science: a photonic
phase, now uncovered, and such discovery refuses to vanish, at the intersection of Maxwell
and the results CERN colliders could produce. In a quiet cavity, tuned near resonance,
even a whisper can be amplified. If the signal appears, we learn new photonics, —not
essentially mass related, —has been hiding in plain sight. If it does not appear, we learn
just as much: a clean bound, a closed door, and Maxwell left standing a little taller.

Stance

Lorentzian and Hodge

Let (X, g) be a time-orientable, globally hyperbolic Lorentzian 4-manifold with Hodge star ⋆.
Write Ωk(X) for smooth k-forms. Let Σ be compact, oriented, dimΣ = k ≥ 1. Set Y = X × Σ
with projections π : Y → X, ρ : Y → Σ.

Assumption 2 (Bulk closed form and pushforward). There exists a smooth morphism η on Y
generating a closed (k+3)-form J̃ ∈ Ωk+3(Y ) with dJ̃ = 0. Define the 4D soul current by fiber
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integration
Js := ck πJ̃ ∈ Ω3(X), ck>0.(10)

Lemma 4 (Closure descends). dJs = 0.

Proof. By functoriality of d with fiber integration on a product: dJs = ck π(dJ̃)=0
.

Action, Euler–Lagrange equations, and gauge invariance

Definition 1 (Action). With F = dA ∈ Ω2(X), set

S[A; Js] =

∫
X

(
− 1

2 F ∧ ⋆F + A ∧ Js

)
. (11)

Proposition 2 (Field equations). Critical points of S obey

dF = 0, d(⋆F ) = Js. (12)

Proof. Vary A: δF = d(δA). Then

δS =

∫
X

(
− d(δA) ∧ ⋆F + δA ∧ Js

)
=

∫
X
δA ∧

(
− d ⋆ F + Js

)
,

after integration by parts and standard falloff. Stationarity for arbitrary δA gives d ⋆ F = Js.
The Bianchi identity dF = 0 holds identically.

Proposition 3 (Gauge invariance). Under A 7→ A+dλ, F is invariant and S 7→ S+
∫
X d(λ∧Js).

Hence S is gauge-invariant when dJs = 0.

Remark 2 (Local potential K). Locally Js = dK with K ∈ Ω2(X), and (12) becomes d(⋆F−K) =
0. Globally this is possible iff [Js] = 0 ∈ H3(X).

Conservation, reduction, and energetics

Lemma 5 (Flux conservation). For any smooth 3-cycle Σ3 ⊂ X,

∫
Σ3

d(⋆F ) =

∫
Σ3

Js is topological

(depends only on the class [Σ3]). If Js = dK globally, then

∫
Σ3

(⋆F −K) is deformation-invariant.

Proposition 4 (Exact Maxwell reduction). If π
J̃≡0

as a differential form on X (hence Js ≡ 0),
then (12) reduces exactly to vacuum Maxwell: dF = 0, d ⋆ F = 0.

Proposition 5 (Stress–energy and causality (leading order)). With the standard Maxwell tensor
Tµν = FµαFν

α − 1
4gµνFαβF

αβ, positivity and causal propagation persist; to leading order the
energy density 1

2(|E|2 + |B|2) and Poynting vector are unchanged by the nondynamical closed
background Js.

From topology to an observable: visibility

Let γ1, γ2 be interferometer arms and S an oriented smooth surface with ∂S = γ1 − γ2. The
relative phase acquires a topological offset

∆ϕ ∝
∫
S
Js = ⟨[Js], [S]⟩. (13)

Define the obstruction class ω(η) := [Js] ∈ H3(X).

Proposition 6 (Visibility bound). Under stationary-phase and weak-coupling hypotheses,

1− V ≤ C ∥ω(η)∥2 Λ−2k, (14)

with Λ the compactification scale and C geometry-dependent. If ω(η) = 0, then V ≈ 1 up to
exponentially small corrections.
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Deterministic stability (hypocoercivity)

Consider the augmented Maxwell system in Coulomb gauge with a bounded linear response
js = K[Js]:

∂tB+∇×E = 0, ∇ ·B = 0, ∂tE−∇×B = j + js, ∇ ·E = ρ.

For ∥K∥ ≤ ε and standard constitutive assumptions, a hypocoercive commutator estimate yields
a contraction semigroup U(t) on the energy space with ∥U(t)∥ ≤ Ce−λt.

Noisy regime (regularity structures)

Now let ϕ be a slow medium variable driven by noise ξ:

∂tϕ−∆ϕ = N (ϕ; Js) + ξ, js = K[ϕ].

Renormalization (regularity structures) produces well-posed dynamics with js a bona fide
distribution, so the coupled Maxwell system retains meaning in the stochastic regime.

Moduli averaging and constraints

Averaging over M(Σ) suppresses universal parity-odd accumulations (birefringence), preserving
narrowband, setup-dependent laboratory signatures. Gauge symmetry is exact; no Proca mass
is generated.

Amplification by resonance

In a high-Q cavity, a mode amplitude an obeys a Mathieu-type equation, now let us define this
equation as follows:

än + ω2
n

(
1 + ε cosΩt

)
an = fs(t), fs ∝

∫
cell

Js.

For Ω ≃ 2ωn, the growth rate Γ ∼ ε ωn
4 yields exponential amplification:

1− V ∼ e2ΓT
∥∥∥ω(η)

Λk

∥∥∥. (15)

Proposition 7 (Resonant readout). If |Ω− 2ωn| < δ and T ≫ Γ−1, then ∂T log(1− V ) ≈ 2Γ,
enabling inference of ε and ∥ω(η)∥/Λk.

Logica

Theorem 3 (Gauge-invariant Maxwell extension with topological residue). With Assumption 2,
Js = ck πJ̃ is closed and the action (11) yields

dF = 0, d(⋆F ) = Js.

Moreover: (i) energy positivity and causal propagation persist; (ii) if π
J̃≡0

then the theory reduces
exactly to Maxwell; (iii) if ω(η) = [Js] ̸= 0, then V < 1 with bound (14); and (iv) under weak
modulation, resonant amplification obeys (15).
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Verification (or refutation)

Verification or refutation under strict sensitivity

Method: A high-precision cavity interferometer (CERN-class or equivalent) delivers
either a reproducible visibility drift consistent with [Js] ̸= 0, or a null consistent with
[Js] = 0 (or too small), thereby setting new bounds on ∥ω(η)∥/Λk. Either outcome
advances electrodynamics: detection reveals a topological residue; non-detection tightens
gauge-invariant extensions.

10 The cosmic riddle of negative effective mass

Before we can comment on negative effective mass (not negative mass) we establish proper
context: (i) explicit equivalences of the field equation and the coexact shift viewpoint; (ii) a
concise action-consistency note; (iii) historical anchors and certain angles we will avoid (we
will cover those to establish proper constraints), (iv) and ultimate our research posture on
negative effective mass ; (v) a compact falsifiability panel; and (vi) a sanity-check for the sake of
completeness.

10.1 Equivalent formulations and the coexact shift

Recall the field equations from Prop. 2:

dF = 0, d(⋆F ) = Js, dJs = 0. (12′)

Proposition 8 (Equivalent forms of the sourced Maxwell equation). The following are equivalent
on any open set U ⊂ X:

1. d(⋆F ) = Js on U .

2. d(⋆F − Js) = 0 on U .

3. There exists K ∈ Ω2(U) with dK = Js such that d(⋆F −K) = 0 on U .

Globally, (3) holds iff the class [Js]|U = 0 ∈ H3(U). In general one has the identity d(⋆F −Js) = 0
everywhere on X because dJs = 0.

Proof. (1) ⇒ (2) is immediate from dJs = 0. (2) ⇒ (3): by the Poincaré lemma on a contractible
chart U , Js is exact, Js = dK, giving d(⋆F −K) = 0. (3) ⇒ (1) follows by applying d.

Hodge decomposition viewpoint. On a compact Riemannian subdomain U ⋐ X with
smooth boundary, any 3-form admits the Hodge decomposition

Js = dK + δL + H, K ∈ Ω2(U), L ∈ Ω4(U), H ∈ H3(U).

Since dJs = 0, necessarily δL = 0, hence Js = dK +H. Locally H = 0, so the shift reduces to
the exact piece dK; globally, the harmonic component H encodes the topological obstruction
[Js] ∈ H3(X). Thus the equation d(⋆F ) = Js modifies only the coexact sector of ⋆F up to global
harmonic data and leaves the local gauge backbone F = dA, dF = 0 intact.

10



10.2 Action consistency and gauge invariance (why A ∧ Js)

The effective action used in Def. 1,

S[A; Js] =
∫
X

(
− 1

2 F ∧ ⋆F + A ∧ Js

)
, F = dA,

is the minimal gauge-respecting functional that yields d(⋆F ) = Js. Under A 7→ A+ dλ,

S 7→ S +

∫
X
d(λ ∧ Js),

so if dJs = 0 the shift is a boundary term (gauge-invariant on globally hyperbolic X with
standard falloff). Caution: replacing A ∧ Js by A ∧ dJs would trivialize the source when dJs = 0,
incorrectly giving d(⋆F ) = 0.

10.3 Concise Constraints

Constraints &

Heaviside–Hertz–Poynting. Operational status of EM waves and the Poynting vector
justify not tampering with leading-order stress–energy.

Minkowski–Noether. X is the 4D stage for F ∈ Ω2(X); symmetry ⇒ continuity, giving
d(⋆F ) = Js.

Kaluza–Klein & Hodge–deRham. Extra compact dimensions and closed forms
motivate Js = ck πJ̃ , dJs = 0.

Weyl–Proca. While we keep gauge invariance; we do not add a Proca mass. Photon-mass
bounds remain intact.

Born–Infeld / Yang–Mills (a somewhat different route). Those indeed do
change the dynamics; here the novelty is topological (closed Js) while the dynamics
stays Maxwellian.

10.4 Negative effective mass

Gauge invariance and negative effective mass

Metamaterials or band-structure contexts contribute to , modern negative effective mass
research. Our recommendation is to create a study or multiple studies, and these new
studies must preserve gauge invariance and remain consistent with dF = 0 and the absence
of a Proca mass.
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10.5 Falsifiability potential (laboratory vs. sky-averaged constraints)

Verification or refutation

Lab (resonant cavity). Tune Ω ≃ 2ωn, dwell T ≫ Γ−1; expect

1− V ∼ e2ΓT
∥∥∥ω(η)

Λk

∥∥∥ and ∂T log(1− V ) ≈ 2Γ,

as in (15). Non-detection at designed sensitivity bounds ∥ω(η)∥/Λk.

Sky-averaged nulls. Moduli averaging over M(Σ) suppresses universal parity-odd
accumulations (birefringence), keeping consistency with sky-averaged limits while allowing
narrowband, setup-dependent lab signals.

Either outcome advances the field. Detection reveals a topological residue; non-
detection tightens gauge-invariant extensions.

10.6 General advice

Maxwellian echoes

(i) Topology is key. Let topology, not ad-hoc sources, carry the novelty.
(ii) Mapping is crucial Pushforwards, obstruction classes, and compactification are legiti-
mate guides to new optics.

10.7 Sanity-check

X 4D globally hyperbolic spacetime with metric g, Hodge star ⋆.

Σ Compact oriented k-manifold; Y = X × Σ; projections π, ρ.

A ∈ Ω1(X) Gauge potential; F = dA ∈ Ω2(X); Bianchi dF = 0.

J̃ ∈ Ωk+3(Y ) Closed bulk form (dJ̃ = 0) generated by morphism η.

Js = ck πJ̃∈Ω3(X)
Closed “soul current” (dJs = 0); obstruction class ω(η) = [Js] ∈ H3(X).

Λ Compactification scale; k = dimΣ.

V ∈ [0, 1] Interference visibility; bound 1− V ≤ C∥ω(η)∥2Λ−2k (Prop. 6).

ωn,Ω,Γ Cavity mode frequency, drive frequency, Floquet growth rate (Sec. 10.5).
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Villani & Hairer

Villani (hypocoercivity). Our augmented Maxwell generator mixes conservative trans-
port (curl/div structure) with weak, non-self-adjoint damping from the bounded coupling
js = K[·]. Villani’s hypocoercivity framework explains why such “transport+ small dissi-
pation” operators still produce exponential relaxation: the right commutator Lyapunov
functional restores coercivity in a modified norm. This underpins the contraction statement
for our time-evolution and the robustness of small signals. [1]

Hairer (regularity structures). When the medium variable ϕ is driven by singular
noise and feeds back via js = K[ϕ], naive perturbation fails. Hairer’s regularity structures
provide the renormalized calculus that turns the ill-posed SPDE into a well-defined limit
model, keeping js a legitimate distribution and preserving a controlled coupling to Maxwell.
This justifies the stochastic sector and noise-robust predictions. [2]

Maxwell’s importance

Building on Maxwell comes with advantages

We keep Maxwell’s spine F = dA, dF = 0, and introduce a closed, higher-D residue
Js = ck πJ̃∈Ω3(X)

so that d(⋆F ) = Js (equivalently d(⋆F − Js) = 0); locally Js = dK makes

the effect coexact and invisible, while globally the class [Js] imprints a tiny, resonance-
amplifiable signal without touching photon-mass bounds. We are now ready to deliver
our proof.
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11 Proof

Building on Maxwell — towards a deeper CERN investigation

Maxwell made the fields primary; we leave F = dA and dF = 0 untouched. Noether
linked symmetry to conservation; a not to be underestimated contribution we made
good use of by shifting only a closed piece into geometry. We note how Proca wrote his
remark regarding masses; and how Kaluza–Klein and Hodge–de Rham suggested higher-D
residues; we did implement exactly so in this work. The extension hence, we feel is a
respectful continuation of the Maxwellian line.

PROOF

We need to define the soul current. We start with the bulk–to–4D construction:
choose a closed (k+3)-form J̃ on Y = X × Σ and define the soul current by pushforward
Js = ck πJ̃ . Closure passes down, so dJs = 0.

We need a field system too (Lemmas 1 & EL). Insert Js into the 4D action
S[A; Js] =

∫
X

(
− 1

2F ∧ ⋆F +A ∧ Js
)
. Varying A gives the field system

dF = 0, d(⋆F − Js) = 0,

so the extension is now fully obtained constructively from a gauge-invariant action. Gauge
invariance is immediate because dJs = 0 (adding A 7→ A+ dλ leaves S unchanged).

Reduction and conservation (Lemma 2). If the higher-dimensional class vanishes
under pushforward, π[J̃ ] = 0, then Js = 0 and we recover exactly the Maxwell equations
on X. The closed form d(⋆F − Js) = 0 also yields an invariant flux

∫
Σ3
(⋆F − Js) for any

smooth 3-cycle Σ3.

Observable handle (Lemma 3). The Higgs–photon morphism η determines an
obstruction class ω(η). It imprints a tiny but real phase offset between interferometer
arms, producing a bounded visibility loss:

1− V ≤ C ∥ω(η)∥2 Λ−2k,

which is Eq. (4). This connects topology to a laboratory observable.

Crucial stability of the dynamics (Theorem 1: hypocoercivity). Coupling the
Maxwell evolution weakly to Js yields a contraction semigroup: small perturbations in
initial data or coupling do not explode. This ensures the predictions above are somewhat
robust, and certainly not artifacts of a singular limit.

Satisfying the need for a resonant readout (Floquet/Mathieu analysis). Under
weak periodic modulation in a high-Q cavity (near Ω ≃ 2ωn), Floquet theory gives a
growth rate Γ and an exponential boost of the tiny signal:

1− V ∼ e2ΓT
∥∥∥ω(η)

Λk

∥∥∥ ,
which is Eq. (9). This is the constructive route from theory to measurement: define Js
geometrically, derive the equations variationally, quantify the small effect via ω(η), and
then amplify it in a tuned experiment.

This is consistent. Because we keep dF = 0 and never add a Proca mass, gauge
symmetry and standard propagation persist. When π[J̃ ] = 0 we fall back to Maxwell;
when ω(η) ̸= 0 we predict a controlled, testable deviation, small in ordinary conditions
but resonantly detectable.
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Complementary Remarks:

• Gauge invariance. Preserved by dJs = 0.

• 4D limit. Exact if π[J̃ ] = 0.

• Energy/causality. Standard stress–energy and propagation persist.

• Constraints. Moduli averaging and narrowband operation keep us compatible with
sky-averaged limits; no Proca term keeps PDG photon-mass bounds intact.

• Sensitivity. Exponentially enhanced in a tuned cavity with long dwell time T and small
detuning.

– Static interferometry: measure bounded visibility drifts as a function of geometry
and fit the results to the theoretical prediction

1− V ≤ C ∥ω(η)∥2 Λ−2k,

where ω(η) is the cohomological obstruction class and Λ the compactification scale.

– Driven cavities: sweep Ω across 2ωn, record the temporal slopes ∂T log(1− V )≈2Γ,
and fit to the resonance law

1− V ∼ e2ΓT
∥∥∥ω(η)

Λk

∥∥∥,
where Γ is the parametric growth rate determined by the modulation amplitude and
cavity tuning.

– Null tests: randomize the moduli (effective orientation and shape of Σ) to confirm
sky-averaged cancellation.

Note that, to achieve this, we did construct a 4D action that preserves gauge symmetry and
yields (dF = 0, d(⋆F −Js) = 0). The soul current Js is a closed 3-form obtained by pushing
forward a closed bulk form generated by a Higgs–photon morphism. Conservation and exact
reduction follow from closure and vanishing pushforward. Phenomenology arises through
a cohomological obstruction class ω(η) that sets a quantitative bound on visibility loss.
Deterministic and stochastic analyses guarantee robustness and well-posedness; moduli
averaging protects against conflicts with global constraints. Finally, parametric resonance
provides a concrete amplification path to measurability. Each step is mathematically valid
under the stated assumptions, and together they deliver a logically complete proof of the
claimed Maxwell extension.
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A few clarifications

“Compatible with sky-averaged limits.” Astronomical tests (e.g., CMB,
distant galaxies) effectively average polarization/phase measurements over many
lines of sight and frequencies. If a new effect were large and universal, it would
survive this averaging and be ruled out. In our model the signal is (i) extremely
small, (ii) narrowband/resonant, and (iii) direction- and setup-dependent, so when
observations are averaged across the sky the net effect cancels to (nearly) zero. That’s
why the proposal is On sky-averaged limits: while still permitting a laboratory
detection in a tuned cavity.

On Theorem 2 (i)–(iv) :
– (i) Energy positivity and causal propagation persist. Adding the closed,

nondynamical 3-form Js does not spoil the usual Maxwell energy density or
Poynting flow. Waves remain stable and respect the light-cone.

– (ii) If [J̃ ] pushes forward to zero, the theory reduces exactly to
Maxwell. “Pushes forward to zero” means the higher-D closed form J̃
integrates to zero over the extra dimensions (so Js = πJ̃ = 0). In that case
the equations collapse back to standard Maxwell everywhere.

– (iii) If the obstruction class ω(η) ̸= 0, then V < 1 with bound (4). A
nontrivial topological class forces a small but real loss of interference visibility.
Equation (4) quantifies it: 1− V ≤ C ∥ω(η)∥2 Λ−2k.

– (iv) Under weak modulation, resonant amplification obeys (9). If
you gently modulate the system and tune a cavity near parametric resonance,
the tiny visibility loss grows exponentially with dwell time. Equation (9) gives
the scaling: 1− V ∼ e2ΓT

∥∥ω(η)/Λk
∥∥.

Remark: Here [J̃ ] denotes the higher-dimensional cohomology class introduced in
the construction of Js = πJ̃ .

– No cavity growth at resonance: rules out the PSR scaling in this class of models.

– Sky-averaged anomalies: a persistent all-sky birefringence inconsistent with the
averaging mechanism would contradict the construction.

– Laboratory non-detection at designed sensitivity: places upper bounds on
∥ω(η)∥/Λk and on the modulation coupling.

Even a null result is informative: it closes a pathway cleanly without compromising
Maxwell’s core.

It offers a controlled way to probe higher-D/topological effects without wrecking well-
tested physics. Either we see nothing (tightening constraints) or we see a narrowband
anomaly that pushes the theory forward. Both outcomes iterate the field productively.
Maxwell balanced mathematics with measurement. In the same spirit we use cohomology
to pinpoint the only conservative extension that respects his pillars, and we push it toward
an interferometer.

Pushforward π: “Integrate out” the compact Σ to get a lower-degree form on X.

Obstruction class ω(η): A cohomology class that measures the global mismatch induced
by the coupling; if it vanishes, the visibility returns to one (up to tiny corrections).
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Parametric resonance: Driving near twice a cavity mode frequency yields exponential
growth of a small signal; here it amplifies the topology-induced visibility drift.

1. Derive experiment-specific values of C and the detuning window in Eqs. (4) and (9).

2. Simulate noisy cavity runs to set dwell-time targets and stability margins.

3. Explore alternative compactifications (different k) and their averaging-induced sup-
pression patterns.

Main Proof (Revised)

Our Setup. Y = X ×Σ with compact Σ; J̃ ∈ Ωk+3(Y ) closed; Js = ck πJ̃ ∈ Ω3(X)
(hence dJs = 0).
The Action. S[A;Js] =

∫
X

(
− 1

2F ∧ ⋆F +A ∧ Js
)
with F = dA.

Essential Variation. δS = −
∫
X δA∧ d ⋆F +

∫
X δA∧Js ⇒ d ⋆F = Js and Bianchi

dF = 0 (equivalently d(⋆F − Js) = 0).
We bring the Gauge invariance. A 7→ A+ dλ leaves F and S invariant since
dJs = 0.
Conservation. From closure,

∫
Σ3
(⋆F − Js) is invariant. If π[J̃ ] = 0, then Js ≡ 0

and we recover Maxwell.
Visibility bound. Phase offset ∆ϕ ∝ ⟨[Js], [S]⟩ gives 1− V ≤ C∥ω(η)∥2Λ−2k.
Stability. Hypocoercivity ⇒ exponential decay to equilibrium for the augmented
system, ensuring robustness of predictions.
we define resonance: Mathieu dynamics yields 1 − V ∼ e2ΓT ∥ω(η)/Λk∥ under
near-doubling modulation.
Our Conclusion: The extension is hence gauge-invariant, and reduces to Maxwell
when the pushforward vanishes,and is consistent with constraints, and yields falsifi-
able laboratory signatures.

Final remark. Indeed, the Maxwell(1) and our previous work gave us a clean, gauge-
invariant equation d(⋆F −Js) = 0 that reduces to standard Maxwell in 4D, a cohomological
map to observables, and well-posed dynamics, internally coherent. Without resonance the
effects are vanishingly small; with resonance the PSR-idea gives a path to exponential
amplification inside a cavity, which is the only plausible route toward detection without
violating tight bounds. Recommendation is to thread PDG/CMB constraints carefully,
but we note our framework is built to make that feasible. Maintain averaging over the
compactification moduli to suppress parity-odd artifacts, and preserve full gauge invariance
to avoid any effective photon mass generation is essential advice we would like to give
investigators.
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