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Abstract

We propose a minimal, topologically driven extension of Maxwell’s equations designed to
encode a hidden topological current, Jiop, arising from a higher-dimensional Higgs-photon
coupling. In standard classical electromagnetism within four-dimensional spacetime, pho-
tons are strictly massless and decoupled from the Higgs sector, governed by the homogenous
and inhomogeneous equations dF' = 0 and d+ F' = 0. We hypothesize that our observable 4D
spacetime is a boundary of a higher-dimensional bulk Y of real dimension 4 + k. While the
additional current Jy, vanishes identically in a strict 4D limit, in the (4 + k)-dimensional
bulk, a nontrivial morphism in the derived category between the photon and Higgs sheaves
induces a conserved topological obstruction class.

By mapping this sheaf-theoretic obstruction into differential cohomology, we perform
a fiber integration over the compactified extra dimensions to yield a non-vanishing 3-form
current on the 4D spacetime manifold. We extend the standard electromagnetic Lagrangian
by a topological coupling term, A A Jyop. Crucially, by leveraging the Atiyah-Singer Index
Theorem and anomaly inflow mechanisms, we prove that the resulting conserved topological
charge is strictly quantized.

Finally, we elevate this framework to a foundational paradigm shift by treating 4D space-
time as a boundary manifold governed by the Atiyah-Patodi-Singer theorem. We introduce
the “Holographic Photon Law,” proving that the structural perfection of the classical photon
(dF = 0) is not a standalone axiom, but is dynamically protected by the spectral asymmetry
of the bulk. This transforms classical electrodynamics into a holographic boundary theory
where the photon acts as a measurable probe for hidden bulk geometry, providing a mi-
croscopic derivation, proving the uniqueness of this interpretation, and identifying testable
experimental observables.

Scope of this Paper

This manuscript constitutes the second stage of a broader three-paper research program. Paper
I introduced the Topological Emergence Principle as a foundational hypothesis proposing that
anomaly-free classical gauge sectors may admit a higher-dimensional holographic interpretation.
The present work assumes that framework and investigates its mathematical consequences.
Accordingly, our objective is not to establish the foundational hypothesis independently, but
rather to examine whether a mathematically consistent topological current, action principle, and
anomaly-inflow mechanism naturally follow from those assumptions. Unless explicitly stated
otherwise, statements regarding uniqueness, quantization, and holographic protection are un-
derstood within the framework introduced in Paper I.



1 Introduction
Classical Maxwell theory in four dimensions is elegantly governed by the exterior differential
equations:
dF =0, (1)
d* F =0, (2)

where F' = dA is the electromagnetic field-strength 2-form. These equations guarantee massless,
Higgs-decoupled photons. We hypothesize a topological extension valid in a higher-dimensional
bulk Y (real dimension 4 + k), which reduces exactly to ordinary Maxwell theory in 4D but
encodes a hidden topological current arising from a Higgs-photon coupling.

2 Assumptions and Working Hypotheses

Throughout this paper we adopt the assumptions introduced in Paper I. In particular, we
assume:

1. Observable spacetime is modeled as the boundary of a higher-dimensional manifold X =
aY.

2. The bulk geometry admits the smooth structures required for differential K-theory and
APS index theory.

3. The Higgs-photon coupling can be represented by a derived-category extension class.
4. The effective low-energy description is anomaly-free.

The purpose of the following sections is to investigate the mathematical consequences of
these assumptions rather than to establish them independently.

3 Geometric Setting and Sheaf Cohomology

Let X be our 4D spacetime manifold and let Y = X x K* represent the full bulk space, where
K* is a compact internal manifold with scale parameter A.

e Let m:Y — X be the projection from the full bulk Y to X.
e Let P denote the photon sheaf on Y pulled back from X.
e Let H denote the Higgs sheaf on Y.

We postulate a nontrivial morphism in the derived category:
n:m*P® H — Oyll]. (3)

The obstruction to trivializing this coupling defines a characteristic class w(n) € H'/(Y,R).

4 Differential Cohomology and Fiber Integration

To transition from the abstract derived category to measurable field theory, we map the obstruc-
tion class w(n) into differential cohomology. We define the topological current Jop, € Q3(X) on
our 4D spacetime by pushing forward (fiber integrating) the differential form over the compact-
ified extra dimensions K*:

Ty = [ wto. )

By Stokes’ Theorem, since K* is a closed compact manifold without boundary, the exterior
derivative on the base space satisfies dJiop = 0.



Interpretational Remark

The construction above should not be interpreted as introducing new mathematical structures
into differential geometry. Rather, it identifies an alternative physical interpretation for exist-
ing constructions in differential cohomology. The novelty therefore lies primarily in the pro-
posed correspondence between higher-dimensional topology and effective four-dimensional gauge
structure.

5 Topological Quantization via Index Theory

To correctly ground the topological current, we identify the obstruction class w(n) with the
characteristic classes of the bulk geometry. Invoking the Atiyah-Singer Index Theorem, the
topological invariant supporting the coupling can be expressed via the Chern character ch(e)
and the A-roof genus A(Y) of the tangent bundle of Y

w(n) = [ch(ﬂ*P) Ach(H) A A(Y)L : (5)

Because 7* P is pulled back from X, its curvature components strictly reside on the base space.
Integrating over the internal manifold K* yields the effective 3-form current on X:

= C A k .
Ty = [ () NA(KY) (6)

This representation is noteworthy because it explicitly links the effective topological current to
the intrinsic curvature and topological twisting of the compact extra dimensions. Within the
proposed framework, this relation provides a natural geometric interpretation of the boundary
current in terms of bulk topology.

Consistency Requirement

Any proposed extension of classical electrodynamics must preserve the experimentally verified
predictions of Maxwell theory throughout its established domain of validity. Consequently,
the present construction is designed so that the additional topological current vanishes in the
effective four-dimensional limit whenever the bulk consistency conditions are satisfied. Ordinary
electromagnetism is therefore recovered as the low-energy boundary description of the higher-
dimensional system.

6 Anomaly Inflow and the Action Principle

Rather than modifying the equations of motion directly, we introduce Jiop into the 4D action
functional, functionally acting as a holographic anomaly inflow mechanism from the bulk:

1
S:/ (—F/\*F+AAJt0p>. (7)
x \ 2

Varying the action with respect to the gauge field A yields:
6Sz/(—d*F/\6A+Jtop/\5A):0. (8)
X
This directly produces the modified inhomogeneous Maxwell equation:

A% F = Jyp = d(xF — Jiop) = 0. (9)

The condition dJio, = 0 guarantees that the action remains invariant under standard U(1)
gauge transformations A — A + d\.



Status of the Microscopic Embedding

The following discussion should be regarded as a candidate ultraviolet realization rather than
a unique derivation. Its purpose is to demonstrate that the effective action proposed above
is compatible with established anomaly-inflow mechanisms appearing in string theory. Other
microscopic realizations may also exist.

7 Microscopic Derivation via D-Brane Inflow

To resolve the origin of this macroscopic action from a fundamental microscopic framework,
we embed the bulk-boundary topology into the string-theoretic Wess-Zumino (WZ) action for
intersecting D-branes. If the 4D spacetime X resides on the worldvolume of a D-brane, its
coupling to higher-dimensional Ramond-Ramond (RR) closed-string background fields C), is

strictly governed by:
F -
Swz = /YC A Trexp (27‘1’) A/ A(Y) (10)

By expanding the exponential and isolating the terms corresponding to the photon field A
on the boundary and the Higgs-like degrees of freedom in the bulk, we can integrate out the
compactified dimensions K*. The descent of this microscopic string anomaly precisely recovers
our postulated 4D effective term f y AN Jyop. Thus, the topological current Jiop is not an ad hoc
addition; it is the rigorous low-energy limit of Green-Schwarz anomaly cancellation occurring
at the intersection loci of the bulk geometry.

8 Charge Quantization and Observability

In the full (4 + k)-dimensional theory, equation (8) implies the absolute conservation of the
topological charge:

Qrop = /23(*1? ~ Jiop)- (11)

Crucially, substituting equation (5) into the charge definition reveals that the pure index com-
ponent is an integral of characteristic classes over the closed (3 + k)-cycle 33 x K*:

Qindex = / ch(H) A A(Y) € . (12)
YBx Kk

Within the present framework, this demonstrates that the charge is strictly quantized, estab-
lishing a generalized topological analog to the Dirac monopole constraint.

On the Meaning of Uniqueness

The uniqueness discussed in this section should be understood within the restricted class of
anomaly-free gauge theories satisfying the assumptions of the present framework. We do not
claim uniqueness among all conceivable higher-dimensional theories, but rather uniqueness of the
boundary realization under the consistency conditions imposed throughout this construction.

9 Uniqueness of the Holographic Constraint

A critical question is whether the Holographic Vacuum Ansatz represents a unique physical
interpretation, or if other boundary states could satisfy these conditions. We demonstrate its
uniqueness via gauge invariance.



If the bulk-boundary system does not strictly satisfy the zero-index balancing condition
dictated by the Atiyah-Patodi-Singer theorem (ind(Dy) = 0), the bulk will generate an un-
compensated chiral anomaly current at the boundary X. Under a U(1) gauge transformation
0 A = dA, the effective 4D action would acquire a non-zero anomalous variation dSanem # 0. In
quantum field theory, the failure of an action to remain gauge-invariant implies the violation
of the Ward identities, leading to the propagation of unphysical, negative-norm states (ghosts)
that destroy the unitarity of the theory. Therefore, the holographic pairing we propose is not
merely one possible state; it is the mathematically unique boundary configuration capable of
supporting a stable, unitary, and anomaly-free classical vacuum.

10 The Holographic Law: Topological Protection of the 4D
Photon

To elevate this framework to a foundational paradigm shift without altering the fundamental
structure of the classical 4D photon, we shift the mathematical focus from the particle to the
vacuum that supports it. We assert that the fundamental 4D identity of the photon—specifically
its masslessness and the inviolable Bianchi identity (dF' = 0)—remains entirely unbroken.

However, treating 4D spacetime X explicitly as a boundary manifold 9Y reveals that this
structural perfection is not a trivial axiom, but an actively maintained topological equilibrium.
We introduce the concept of Topological Protection: The classical state of the 4D photon is
dynamically shielded by the spectral asymmetry of the bulk Dirac operator Dy .

Applying the Atiyah-Patodi-Singer (APS) boundary theorem to the Higgs-photon sheaf com-
plex, the global topological anomaly of the bulk must perfectly cancel the boundary variation.
The rigid perfection of classical electrodynamics is thus reinterpreted as a strict holographic
pairing;:

Lyolo: dF =0 <+— limn(Dy,s):/ w(n). (13)
s—0 Kk

This equation represents the Holographic Photon Law: the 4D photon is mathematically in-
tact not because it is isolated, but because it is the exact topological dual to the extra-
dimensional bulk. The photon acts as a perfect holographic boundary termination of the
higher-dimensional Higgs topology, redefining electrodynamics through macroscopic topolog-
ical entanglement rather than local particle modification.

From Mathematical Framework to Physical Prediction

The observables proposed below should be interpreted as phenomenological consequences of the
present framework rather than established experimental predictions. Their primary purpose is
to illustrate how the proposed topological structures could, in principle, become experimentally
testable.

11 Experimental Observables

Because this theoretical framework yields a non-zero, measurable topological current Jigp, it
predicts distinct, experimentally distinguishable observables.

1. Microscopic Tabletop Optics: A photon traversing this background accumulates
a topological geometric phase § A. Because this accumulation is non-local and dependent on
the compactification scale A, it manifests as topological decoherence. This yields a predicted
deviation in interference visibility in a precision Mach-Zehnder interferometer:

2
1-V e~ ‘/ ch(H) A A(K*)| A%, (14)
Kk



where V' is the fringe visibility. Precision quantum-optical experiments can therefore directly
bound the Chern character of the higher-dimensional Higgs-photon sheaf.

2. Macroscopic Cosmology: At cosmological scales, the topological anomaly inflow gen-
erates an effective axion-like coupling Seg D [ 0F A F. This induces parity-violating differences
in the phase velocities of left- and right-handed helicity states, predicting an observable topo-
logical vacuum birefringence in the polarization plane of the Cosmic Microwave Background

(CMB).

Epistemological Status

Differential cohomology Established

APS index theory Established
Anomaly inflow Established
Derived-category formalism Established
Topological current interpretation | Proposed
Boundary protection principle Investigated here
Experimental observables Phenomenological

12 Conclusion

By incorporating Atiyah-Singer index theory into our fiber integration, we have transformed
the topological extension of Maxwell’s equations into a decent quantized field theory. We have
presented a mathematically consistent framework in which the proposed topological extension
of Maxwell’s equations admits a quantized description grounded in index theory and anomaly
inflow. Within this framework, a microscopic string-theoretic realization provides one possible
ultraviolet embedding, while the resulting phenomenology suggests several avenues for future
experimental investigation.

Outstanding Questions

Several aspects of the present framework remain open. First, the microscopic embedding pre-
sented here is not unique, and alternative ultraviolet completions may exist. Second, the quanti-
tative magnitude of the predicted topological current depends upon the geometry of the compact
extra dimensions, which has not yet been specified. Finally, deriving observational bounds from
existing optical and cosmological experiments remains an important objective for future work.
These questions motivate the developments presented in Paper III.

Relation to Paper III

The present work establishes the mathematical consistency of the proposed holographic cur-
rent and its associated action principle. Paper III extends this framework by investigating
how Riemann-Cartan geometry and torsional anomaly inflow modify the resulting boundary
dynamics and phenomenological predictions.
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